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TROPICAL APPROACH TO NAGATA’S CONJECTURE IN POSITIVE
CHARACTERISTIC
NIKITA KALININ
Abstract. Suppose that there exists a hypersurface with the Newton polytope ∆, which passes
through a given set of subvarieties. Using tropical geometry, we associate a subset of ∆ to each
of these subvarieties. We prove that a weighted sum of the volumes of these subsets estimates the
volume of ∆ from below.
As a particular application of our method we consider a planar algebraic curve C which passes
through generic points p1, . . . , pn with prescribed multiplicities m1, . . . ,mn. Suppose that the mini-
mal lattice width ω(∆) of the Newton polygon ∆ of the curve C is at least max(mi). Using tropical
floor diagrams (a certain degeneration of p1, . . . , pn on a horizontal line) we prove that
area(∆) ≥ 1
2
n∑
i=1
m
2
i − S, where S = 1
2
max
(
n∑
i=1
s
2
i
∣∣∣si ≤ mi, n∑
i=1
si ≤ ω(∆)
)
.
In the case m1 = m2 = . . . = m ≤ ω(∆) this estimate becomes area(∆) ≥ 12 (n− ω(∆)m )m2. That
rewrites as d ≥ (√n− 1
2
− 1
2
√
n
)m for the curves of degree d.
We consider an arbitrary toric surface (i.e. arbitrary ∆) and our ground field is an infinite field
of any characteristic, or a finite field large enough. The latter constraint arises because it is not a`
priori clear what is a collection of generic points in the case of a small finite field. We construct
such collections for fields big enough, and that may be also interesting for the coding theory.
1. Main Theorem and a discussion around Nagata’s conjecture
It is easy to find a polynomial in one variable with prescribed values at given points. Then, it
is not difficult to find a polynomial in many variables with prescribed values at given points, or to
find a polynomial in one variable with prescribed higher derivatives at given points. Each of the
conditions appearing above imposes one linear constraint on the polynomial’s coefficients. When
we have only linear constraints, it is natural to ask whether they are mutually independent. In the
above problems it is indeed the case, but in general it is not always true and can be a source of
major difficulties.
Consider the following general question: given natural numbers m1,m2, . . . ,mn and a set of
varieties X1,X2, . . . ,Xn ⊂ Fk (where F is a field of any characteristic), we are wondering if there
exists a hypersurface Y ⊂ Fk (with a given Newton polytope ∆) which passes through each of the Xi
with the multiplicity mi respectively. This procedure (defining a variety by incidence and tangence
relations) helps in constructing concrete examples and counter-examples in the realm of singular
varieties.
This paper promotes the tropical point of view on the above problem. We define the subsets
Infl(Xi) of ∆, “influenced” by each of the Xi. These subsets can overlap, but no more than k at
once (Corollary 4.17). We mainly concentrate on the case k = dimY + 1 = 2, i.e. Y is a planar
algebraic curve and each of the Xi is a point.
1.1. Main Theorem. A vector (u1, u2) ∈ Z2 is primitive if gcd(u1, u2) = 1. In particular, a
primitive vector (u1, u2) cannot be (0, 0). Denote by P (Z
2) the set of primitive vectors in Z2. The
lattice width ωu(∆) of a polygon ∆ ⊂ Z2 in a direction u = (u1, u2) ∈ P (Z2) is max
x,y∈∆
(u1, u2) ·(x−y).
Definition 1.1. The minimal lattice width ω(∆) of a polygon ∆ ⊂ Z2 is min
u∈P (Z2)
ωu(∆).
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The following theorem is an application of general methods developed in this article, bred with
results of [15].
Theorem 1.2. Let F be an infinite field or a field big enough (for details see Lemma 4.23). If
ω(∆) ≥ max(mi) and for each set of points p1, p2, . . . , pn ∈ (F∗)2 there exists an algebraic curve C ⊂
(F∗)2 with the Newton polygon ∆, passing through p1, p2, . . . , pn with multiplicities m1,m2, . . . ,mn
correspondingly, then
(1) area(∆) ≥
(
1
2
n∑
i=1
m2i
)
− S(m1,m2, . . . ,mn, ω(∆)).
The correction term S in Eq.(1) is given by the following formula.
Definition 1.3. For a set m1,m2, . . . ,mn ∈ Z>0 we define
(2) S(m1, . . . ,mn,M) =
1
2
max
(
n∑
i=1
s2i
)
where we maximize by all sets of numbers {si}ni=1 such that 0 ≤ si ≤ mi,
∑n
i=1 si ≤M .
Example 1.4. If m1 = m2 = · · · = mn = m,M = [
√
n]m, then S(m1, . . . ,mn,M) =
1
2 [
√
n]m2.
Indeed, if for a, b ≥ 0 the sum a+ b is fixed, then a2 + b2 is bigger when a and b are maximally
far from each other. Using this example we obtain the following corollary of Theorem 1.2.
Corollary 1.5. Under the hypothesis of Theorem 1.2, if m1 = m2 = · · · = mn = m,ω(∆) = [
√
n]m,
then area(∆) ≥ 12 (n− [
√
n])m2.
Corollary 1.6. Under the hypothesis of Theorem 1.2, suppose that
m1 = m2 = · · · = mn = m ≤ ω(∆).
Then, the following inequality takes place: area(∆) ≥ 12 (n− ω(∆)m )m2.
Proof. We are seeking for the minimum of nm2 − 2S(m, . . . ,m, ω(∆)) = ∑ni=1(m2 − s2i ) under
conditions
∑
si ≤ ω(∆), si ≤ m. Choose k, k′ ∈ Z such that ω(∆) = mk + k′, 0 ≤ k′ < m. We see,
using the argument in Example 1.4, that the minimum is attained when
sj = m, if 1 ≤ j ≤ k, and 0 ≤ sk+1 = k′ < m, and sj = 0 for j > k + 1.
Hence
∑n
i=1(m
2 − s2i ) ≥ nm2 − km2 − k′2. Therefore,
area(∆) ≥ 1
2
(
nm2 − km2 − k′2) ≥ 1
2
(
n− ω(∆)
m
)
m2,
because k + k
′2
m2 ≤ k + k
′
m < k + 1. The equality in the right hand side takes place if k
′ = 0. 
Corollary 1.7. If ∆ is the triangle ConvHull
(
(0, 0), (d, 0), (0, d)
)
, then the above corollary gives
d ≥ (√n− 12 − 12√n)m.
Proof. Indeed, area(∆) = d
2
2 . So, we have d
2 ≥ (n − d/m)m2. If d ≥ m√n, then we are done.
Suppose that d < m
√
n, then
d2 ≥ (n− d/m)m2 ≥ (n−√n)m2 ≥
(√
n− 1
2
− 1
2
√
n
)2
m2,
because (
√
n− 12 − 12√n)2 = n−
√
n− (1− 1/4− 1/4n − 1/2√n) ≤ n−√n. 
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1.2. The idea of proof. Let K be the field of rational functions over F. Since each element of K,
except zero, can be written as { ∞∑
m
ckt
k|m ∈ Z, ck ∈ F
}
,
we can define a valuation map val : K → T by the rule val
(∞∑
m
ckt
k
)
:= −min{k, ck 6= 0} and
val(0) := −∞. In other words, val(f) is minus the order of vanishing of f at zero. There are
different extensions of K, algebraically closed, with surjective map val; one can take a field of power
series whose elements converge near zero, etc; see [19, 23].
We prove that Theorem 1.2 holds over this valuation field K. We use the nature of a singular
point’s influence on the Newton polygon of a curve (this “influence” means that a part Infl(pi) of
∆ corresponds to each point pi, see Section 3) and tropical floor diagrams [6, 7]. Tropical floor
diagrams illustrate the process of a degeneration of the points p1, . . . , pn on a horizontal line, in
a sense it is a tropical version of the Horace method [12]. While degenerating p1, p2, . . . , pn onto
a line, we see the following behavior (Figure 3) of the points on the tropical picture. Each point
of multiplicity mi splits into two parts mi = si + ri, such that
∑n
i=1 si ≤ ω(∆). Furthermore, we
choose a part of Infl(pi) ⊂ ∆ for each i = 1, . . . , n; these parts do not intersect, and the area of such
a part for a point pi is at least
1
2(m
2
i − s2i ).
Then we prove Detropicalization lemma. It says that if Theorem 1.2 holds over K and does not
hold over F, then there exists a non-zero polynomial of bounded degree which has all points of F
as its roots. This implies that there exists a constant N ∈ N such that if the cardinality of F is at
least N (which is always the case if F is infinite), then Theorem 1.2 holds for F. This is a natural
restriction, because in small fields we cannot find a sufficiently generic collection of points. The
constant N , then, depends on max(mi),∆, and char(F). This reasoning could be of a particular
interest to coding theory, see Section 6.
1.3. Nagata’s conjecture. Let us fix a field F. For a point p = (x1, y1) ∈ F2 we denote by Ip the
ideal of the point p, namely Ip = 〈x− x1, y − y1〉.
Definition 1.8. Consider an algebraic curve C given by an equation F (x, y) = 0, F ∈ F[x, y]. We
say that p is of multiplicity at least m for C (and write µp(C) ≥ m), if F ∈ (Ip)m.
In the most non-degenerate case, “p is a point of multiplicity m on C” means that there are
m branches of C passing through p. For fields of characteristic zero, two following conditions are
equivalent: 1) F ∈ (Ip)m, and 2) all the partial derivatives of F up to order m− 1 vanish at p.
Example 1.9. Consider a planar algebraic curve C of degree d given by an equation F (x, y) = 0,
where
F (x, y) =
∑
i,j≥0,i+j≤d
aijx
iyj .
The point p = (0, 0) is of multiplicity m for C if and only if for all i, j ≥ 0 with i+ j < m we have
aij = 0. As a consequence, for each point p ∈ F2 the condition µp(C) ≥ m can be rewritten as a
system of m(m+1)2 linear equations in the coefficients {aij} of F .
Let p1, . . . , pn be a collection of n > 9 points in F
2 and m1, . . . ,mn ∈ N. We are looking for
the minimal degree dmin of an algebraic curve passing through p1, . . . , pn with multiplicities at least
m1, . . . ,mn respectively.
One can naively calculate the expected dimension edim(d,m1, . . . ,mn) of the space S of the curves
of degree d satisfying the hypothesis above. Indeed, each singular point imposes m(m+1)2 constraints
on the coefficients of the curve equation, therefore,
edim(d,m1, . . . ,mn) = max
(
−1, d(d + 3)
2
−
n∑
i=1
mi(mi + 1)
2
)
.
4 N. KALININ
The actual dimension of S is always at least the expected one, because all the constraints are
linear. However, sometimes even for a generic choice of the set of points p1, p2, . . . , pn the actual
dimension is strictly greater than the expected one.
As a reasonable estimate for dmin, Nagata’s conjecture claims:
Conjecture 1. If points p1, . . . , pn ∈ P2, n > 9 are chosen generically and d ≤ 1√n
n∑
i=1
mi, then
dimS = −1. In other words, dmin > 1√n
n∑
i=1
mi.
Example 1.10. Let us consider two points p1, p2. The minimal degree of a curve passing through
p1, p2 with multiplicities m1,m2 is m1, if m1 ≥ m2: it is the line passing through p1 and p2 taken
with multiplicity m1. So the inequality dmin ≥ m1+m2√2 in Nagata’s conjecture is not satisfied as long
as m2 > m1(
√
2 − 1). For five generic points pi with multiplicities mi, i = 1, . . . , 5, one can draw a
conic through p1, p2, p3, p4, p5, and take it with multiplicity max(mi). In the case all mi = m, this
example also violates the inequality in Nagata’s conjecture. A classification for the case of less than
ten points can be found in ([25], Example 2.4, [8], Proposition 5.8, Theorem 5.9).
The case n = l2 had been proven by Nagata himself [21]. These days, even the case n = 10 and
m1 = m2 = · · · = m10 = m is under exhaustive study ([10]), but has not yet been proven. The
similar questions in higher dimensions are widely open (cf. [3],[11]). The pictures appeared in our
approach are somewhat similar to those in [22], though the relation is not direct.
Historically Nagata’s conjecture appeared as a tool (with n = 16) to disprove Hilbert 14th prob-
lem. Related to Nagata’s conjecture is the Segre-Harbourne-Hirschowitz’s conjecture which basically
says that if the expected dimension edim of S is not equal to the actual one, then the linear system
S contains a rational curve in its base locus. The reader is kindly referred to look into surveys
[8, 9, 14, 20] for an introduction to Nagata’s conjecture and related topics.
In view of Theorem 1.2 the following three results should be mentioned:
Theorem ([29], Xu). If C is a reduced and irreducible curve of degree d passing through generically
chosen points p1, p2, . . . , pn ∈ CP 2 with multiplicities m1,m2, . . . ,mn respectively, then the estimate
d2 ≥∑ni=1m2i −min(mi) holds.
Xu’s theorem can be verbatim extended to curves with arbitrary Newton polygons, and to re-
ducible and non-reduced curves. But unlike Xu’s theorem, which requires characteristic zero, in
Theorem 1.2 we consider curves defined over fields of any characteristic.
Theorem ([1], Alexander, Hirschowitz). The dimension of the space of degree d > 2 hypersurfaces
in CP k(k ≥ 3), passing through generic points p1, p2, . . . , pn with multiplicities m1 = · · · = mn = 2,
is the expected one except for the cases (k, d, n) = (2, 4, 5), (3, 4, 9), (4, 4, 14), (4, 3, 7).
Using the classification of tropical singular surfaces in [18], we give a sketch of a proof that the
volume V of the Newton polytope of a surface in CP 3 with n two-fold points in general position
satisfies n ≤ 2V . Using the above theorem we can obtain a better estimate, see Remark 4.20 for
details.
Theorem ([2], Alexander, Hirschowitz). For each field F, the dimension of degree d hypersurfaces
in FP k passing through generic points p1, p2, . . . , pn with multiplicities m1,m2, . . . ,mn is the expected
one if d≫ maxmi.
We expect that our approach can be extended to the cases k ≥ 3 and mi > 2. Such an extension
will lead to an explicit degree estimate in these cases.
Research is supported by the grant 168647 (PostDoc.Mobility) of the Swiss National Science Foun-
dation. I would like to thank the anonymous reviewers for numerous suggestions which improved
this paper a lot.
2. Preliminaries in tropical geometry
In this section we recall some definitions and set up the notation. We refer the reader to [5],[17]
for a general introduction to tropical geometry.
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Let T denote R ∪ {−∞}, and K be a field with a valuation map val : K → T. We use the
convention val(a+ b) ≤ max(val(a), val(b)), val(0) = −∞. Usually T is called the tropical semi-ring.
Consider a hypersurface Y ⊂ Kk. Let Y be given by an equation
F (x1, x2, . . . , xk) = 0,
F =
∑
I∈A
cIx
I , I = (i1, i2, . . . , ik), cI 6= 0.
In such case ∆ = ConvexHull(A) is called the Newton polytope of Y .
The Newton polytope of F is provided with a subdivision deined by the coefficients of F . Namely,
consider the extended Newton polytope of Y ,
∆˜ = ConvexHull{(I, x) ∈ Zk × T|I ∈ A, x ≤ val(cI))}.
The projection of the faces of the extended Newton polytope ∆˜ onto the Newton polytope ∆ defines
a subdivision of ∆.
We give a definition of the tropicalization of Y , based on its equation F (x) =
∑
I∈A cIx
I . For a
weight ω = (w1, w2, . . . , wk) ∈ Tk we consider the weight function
ω(cxi11 x
i2
2 . . . x
ik
k ) := val(c) + i1w1 + i2w2 + · · ·+ ikwk.
Then we define initial part inω(F ) of F as the ω-maximal part of F . Namely, we find W , the
maximal weight (with respect to ω) among monomials of F . Then, by definition, inω(F ) is the sum
of all monomials of F with weight W with respect to ω. Finally, we define Trop(Y ) ⊂ Tk to be
the set of all weights ω such that inω(F ) is not a monomial. This is same as define Trop(Y ) as the
corner locus of the function
Trop(F )(ω) = max
I∈A
(val(cI + I · ω)).
The set Trop(Y ) is a polyhedral complex. Indeed, for each subset S of the set of monomials of F
we can consider the set S∗ of ω ∈ Tk such that the set of monomials in inω(F ) is S. One can prove
that each of sets S∗ is convex. Therefore this defines a polyhedral subdivision of Tk, whose cells are
parametrized by subsets S of the set of monomials of F . Adopting this point of view we see that
Trop(Y ) is the union of cells in the above subdivision, which correspond to S with |S| ≥ 2.
This (Gro¨bner) subdivision of Tk is related with the subdivision (described earlier) of the Newton
polytope ∆ in the following way. A point I ∈ ∆ is a vertex of the subdivision of ∆ if there exists such
a weight ω0 ∈ Tk that inω0(F ) = cIxI . So we say that the cell {ω′ ∈ Tk|inω0(F ) = inω′(F ) = cIxI}
is dual to the vertex I in the subdivision of ∆.
An interval I1I2 between two vertices I1, I2 ∈ ∆ is an edge of the subdivision of ∆ if there exists
a weight ω0 such that inω0(F ) =
∑
I∈J cIx
I where the convex hull of J is the interval I1I2. Again,
we say that the cell {ω′ ∈ Tk|inω′(F ) = inω0(F )} is dual to the interval IJ of the subdivision of ∆.
We further define this duality between the cells of dimension i in the subdivision of ∆ and cells of
dimension k − i in the subdivision of Tk similarly.
We can summarize the above arguments as follows.
Remark 2.1. Each cell of the subdivision of ∆ is of the type
∆ω = ConvexHull(support(inω(F )))
for some ω ∈ Tk. We recall that the support of a polynomial is the set of multipowers of its
monomials. For example, support(x2 + t−2xy + 3y3) is the set {(2, 0), (1, 1), (0, 3)}.
Remark 2.2. If Y ⊂ Kk is a hypersurface, then Trop(Y ) ⊂ Tk is a polyhedral complex of codi-
mension one. For each cell ∆ω ⊂ ∆ of the subdivision of the Newton polytope ∆ of Y we define
d(∆ω) = {ω′ ∈ Tk|∆ω = ∆ω′}.
This map d provides the following correspondence: the vertices of the subdivision of ∆ correspond
to the connected components of the complement of Trop(Y ) in Tk, the edges of the subdivision
correspond to the faces of Trop(Y ) of the maximal dimension, the two-cells of the subdivision
correspond to the faces of codimension one in Trop(Y ), etc. A particular example of such a duality
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for k = 2 is presented in Figure 1. Since d is a bijection between cells, abusing notation we also
write ∆ω = d({ω′ ∈ Tk|∆ω = ∆ω′}).
Definition 2.3. If X ⊂ Kn is a variety of higher codimension, we define its tropicalization Trop(X)
as follows. Let I be the ideal of X. Let inω(I) be the ideal generated by the elements inω(f), f ∈ I.
Then, by definition, ω ∈ Trop(X) if and only if inω(I) is monomial free.
A proof that Trop(X) is a polyhedral complex repeats the above arguments for the case of
hypersurface, see [17] for details.
3. An estimate of a singular point’s influence on the Newton polygon of a curve
In this section we cover facts from [15] that we need. Let C be a curve over a valuation field K
with the Newton polygon ∆ such that ω(∆) ≥ m. Let Q ∈ Trop(C).
•Q
(a) if Q is not a vertex
•Q
(b) if Q is a vertex
Figure 1. If Q is not a vertex of Trop(C) (left column), then the collection I(Q)
of vertices consists of all the vertices of Trop(C) lying on the extension of the edge
through Q. If Q is a vertex of Trop(C) (right column), then I(Q) is the set of the
vertices on the extensions of all the edges through Q. In each case the corresponding
set Infl(Q) of faces of the subdivision of ∆, the “region of influence” of Q, is drawn
at the top.
Definition 3.1. Let lQ(u) be the line through Q in the direction u ∈ P (Z2). Take the connected
component, containing Q, of the intersection Trop(C)∩ lQ(u). We call this component the long edge
through Q in the direction u and denote it by EQ(u).
Definition 3.2. For each u ∈ P (Z2) we denote by IQ(u) the set of vertices of Trop(C) which belong
to the long edge EQ(u). Define I(Q) =
⋃
u∈P (Z2) IQ(u).
Note that I(Q) is not a multiset; it contains only one copy of Q. Examples of I(Q) are presented
in Figure 1. On the left we see one long edge EQ((1, 0)) and I(Q) consists of 7 vertices, and
above we see 7 corresponding faces in the subdivision of ∆. On the right, we see long edges
EQ((1, 0)), EQ((0, 1)), EQ((−1, 1)). Each of the long edges EQ((1, 2)) and EQ((−3,−2)) consists of
only one edge.
Definition 3.3 ([15]). For a point Q ∈ Trop(C) we define the region of influence of Q
Infl(Q) =
⋃
V ∈I(Q)
d(V ),
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the union of the faces of the Newton polygon of Trop(C), dual to the vertices in I(Q).
Definition 3.4. For a point Q ∈ Trop(C) which is not a vertex of Trop(C), we define
area(Infl(Q)) =
∑
F∈Infl(Q)
area(F ),
the sum of the areas of faces F in the region of influence of Q, see Figure 1.
Note that area(Infl(Q)) depends only on Trop(C) and does not depend on a particular choice
of an equation defining C. Also, if Q belongs to an edge E of Trop(C) and Q is not a vertex of
Trop(C), then IQ(u) = I(Q) where u is the direction of E. Indeed, for any other direction v not
collinear to u, the connected component of Q in the intersection Trop(C) ∩ lQ(v) is just Q.
Recall that if Q is a vertex of Trop(C), then d(Q) is a face dual to Q in the subdivision of ∆.
Definition 3.5. If Q is a vertex of Trop(C), we define
area(Infl(Q)) =
∑
F∈Infl(Q)
area(F ) + area(d(Q)),
area∗(Infl(Q)) =
∑
F∈Infl(Q)
area(F ).
Theorem 3.6 ([15], Lemma 2.8, Theorems 1,2). Suppose that a point p = (p1, p2) ∈ (K∗)2 is of
multiplicity m for this curve C, P = Val(p) = (val(p1), val(p2)). Suppose also that the Newton
polygon ∆ of C satisfies ω(∆) ≥ m. Then,
(3) area(Infl(P )) ≥ m
2
2
.
If the point Q in Figure 1 is as in this theorem, then the sum of the areas of the faces is at
least 12m
2 in (A) and at least 38m
2(= area∗(Infl(Q))) in (B) (but we will not consider area∗ in this
article).
Example 3.7. Consider a curve C given by the equation (x − 1)k(y − 1)m−k = 0, take p = (1, 1).
Clearly, µp(C) = m, but the Newton polygon ∆ of C violates the condition ω(∆) ≥ m, and the
inequality area(Infl(Val(p))) = 2k(m− k) ≥ m22 does not hold except for the case k = m/2.
Lemma 3.8 ([15], Lemma 1.25). If µ(1,1)(C) = m and for the Newton polygon ∆ of C we have
ωu(∆) = m−a for some a > 0, u = (u1, u2) ∈ P (Z2), then C contains a rational component through
(1, 1) parametrized as (su1 , su2).
Note that the tropicalization of such a component is the straight line though (0, 0) in the direction
(u1, u2). We will use this lemma in Corollary 4.19.
Lemma 3.9 ([15], Lemma 2.8, Lemma 5.20). Let µp(C) ≥ m, p = (x1, x2) ∈ (K∗)2, denote P =
(val(x1), val(x2)). Suppose that P is a vertex of Trop(C) and ωu(d(P )) = a ≤ m for some direction
u. Then both sides of d(P ), perpendicular to u, have length at least m− a, and
(4)
∑
V ∈IP (u),V 6=P
area(d(V )) ≥ 1
2
(m− a)2.
Example 3.10. Suppose that u = (1, 0). Note that in this case a is the length of the projection of
d(P ) onto the x-axis. Recall that IP ((1, 0)) is the set of vertices of Trop(C), lying in the connected
component of P in the intersection of Trop(C) with the straight horizontal line through P . Figure 2
illustrates the set of dual faces d(V ) to the vertices V in IP ((1, 0)). Since the long edge through P
is horizontal, all the edges separating faces in Infl(P ) in Figure 2 are vertical.
Remark 3.11. Lemma 3.9 holds in the degenerate case (a = 0), too: if P belongs to an edge E of
Trop(C), then the dual edge d(E) of the subdivision of the Newton polygon of C has lattice width
at least m (Theorem 1 in [15]).
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a
≥ m− a
≥ m− ad(P )L
M
N
K
Figure 2. Dual picture to a singular point P on an edge. Since ω(1,0)(d(P )) = a,
the lengths of LM and NK are at least m − a (Lemma 3.9). The set ⋃ d(V ) for
V ∈ IP ((1, 0)), V 6= P is colored. The sum of the areas of the colored faces is at least
1
2 (m− a)2.
Remark 3.12. Consider a planar tropical curve H. Suppose that this curve is not a usual line.
Then the Newton polygon ∆ of H is two-dimensional. The intersection of H with a usual line in
direction u ∈ P (Z2) is equal to ωu(∆). Hence, if the intersection of H with each usual line of rational
direction is at least m > 0, then its self-intersection H · H is at least 34m2 which is the minimal
double area of a polytope ∆ with ω(∆) ≥ m, for details and references see [15].
The same reasoning works in any dimension. If the intersection of a hypersurface H ⊂ TP k
with any usual line of rational direction is at least m, then the minimal lattice width ω(∆) of
the Newton polytope ∆ of H is at least m and therefore the self-intersection Hk is at least cmk
where c is a constant which depends only on k. However, the best value of c in the inequality
Volume(∆) ≥ cω(∆)k is not known. The following question in codimension two, therefore, is the
simplest one possessing no estimate at all (because there is no notion like Newton polytope which
keeps track of degree and self-intersection at the same time).
Conjecture 2. Consider a tropical (i.e. balanced along dimension one faces) two-dimensional fan L
in R4. Suppose that L is not an affine Euclidean plane. Suppose that the stable tropical intersection
of L with each plane of rational slope is at least m. Then there exists a constant c such that
L · L ≥ cm2 in this case, and c does not depend on m.
4. Influenced subsets in the Newton polytope
In this section we generalize the definitions of influenced sets in the Newton polygon, given in
the article [15] (see Section 3 for recap). Also we discuss here the notion of a set of points in Zk in
tropical general position with respect to a polytope ∆.
Let Y be a hypersurface in Kk with Newton polytope ∆. In this subsection, for a given subvariety
X ⊂ Y , we define the set I∆(Trop(X)) of vertices of Trop(Y ) and the subset Infl(Trop(X)) ⊂ ∆.
Definition 4.1. We denote by P (Zk) the set of all primitive non-zero vectors in Zk. An affine
hyperplane with a normal direction u ∈ P (Zk) is a set {x ∈ Rk|u · x = c} with some c ∈ R.
Let Q be a subset of Trop(Y ).
Definition 4.2. Let lQ(u) be the affine hyperplane in R
k with normal direction u, containing the
set Q, if such a hyperplane exists, and lQ(u) = ∅, otherwise. Let P (∆) ⊂ P (Zk) be the set of the
primitive vectors {IJ |I, J ∈ ∆} between the lattice points in ∆. Define the star of Q (with respect
to ∆) as
Star∆(Q) =
⋃
u∈P (∆)
lQ(u).
The connected component of Q in the intersection Trop(Y ) ∩ Star∆(Q) is called the star Star∆Y (Q)
of Q in Trop(Y ).
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Example 4.3. Let Y ⊂ (K∗)2 be an algebraic curve whose Newton polygon is ∆.
• If Q is a vertex of Trop(Y ), then Star∆Y (Q) is the connected component of Q in the inter-
section of Trop(Y ) with the union of the lines spanned by the edges of Trop(Y ) through Q,
see example in Figure 1, (B).
• If Q ∈ Trop(Y ) is not a vertex of Trop(Y ), then Star∆Y (Q) is the connected component of Q
in the intersection of Trop(Y ) with the line spanned by the unique edge of Trop(Y ) through
Q, Figure 1, (A).
Definition 4.4. Let I∆(Q) be the set of the vertices of Trop(Y ) which belong to Star∆Y (Q).
We provide each point in Star∆(Q) with a multiplicity corresponding to the codimension of its
stratum.
Definition 4.5. For a point V ∈ Star∆(Q) the natural number multQ(V ) is the dimension of the
linear span of the directions u ∈ P (∆) such that the affine hyperplane through V with the normal
direction u contains Q.
Example 4.6. If ∆ ⊂ Z2 and Q is a point, then Star∆(Q) is a union of intervals emanating from
Q. In this case multQ(Q) = 2 and multQ(V ) = 1 for V ∈ Star∆(Q), V 6= Q.
Each tropical variety Trop(X) is naturally decomposed into vertices, edges, faces, etc, because
Trop(X) is a subcomplex of the Gro¨bner complex (see Section 2). So, we present Trop(X) =
⋃
Xi
as a union of cells which we denote by Xi. Recall that if X is a hypersurface, then each cell of
Trop(X) is an equivalence class of some ω ∈ Trop(X), with the equivalence relation ω ∼ ω′ iff
∆ω = ∆ω′ , see Remark 2.1. Let X ⊂ Y , then Trop(X) ⊂ Trop(Y ).
Definition 4.7. Define I∆(Trop(X)) =
⋃
I∆(Xi). We define the star of the variety Trop(X) as
Star∆(Trop(X)) =
⋃
Star∆(Xi), Star∆Y (Trop(X)) =
⋃
Star∆Y (X
i).
So, we take all the cells of X, draw the star for each of them, and take the union of these stars.
Definition 4.8. For a vertex V ∈ I∆(Trop(X)) we define its multiplicity multTrop(X)(V ) as
multTrop(X)(V ) = max
Xi
multXi(V ),
i.e. we take the maximum of the multiplicities of V with respect to the cells in the natural cell
decomposition of Trop(X).
Definition 4.9. Let X ⊂ Y ⊂ Kk be algebraic varieties, Y be a hypersurface with the Newton
polytope ∆. The distinguished domain Infl(X) in ∆, corresponding to X, is
Infl(X) =
⋃
V ∈I∆(Trop(X))
d(V ),
where d(V ) is the cell (of the maximal dimension) of ∆, dual to the vertex V of Trop(Y ). For
I∆(Trop(X)) see Definitions 4.4, 4.7.
Note that Infl(X) depends only on Trop(X), so we will write Infl(Trop(X)).
Definition 4.10. By Volume(Infl(Trop(X))) we denote the sum of volumes (with multiplicities,
see Definition 4.8) of the cells in the subdivision of ∆, dual to the vertices in I∆(Trop(X)), i.e.
Volume(Infl(Trop(X))) =
∑
V ∈I∆(Trop(X))
multTrop(X)(V ) · Volume(d(V )).
Example 4.11. Refer to Example 4.6. Consider the two-dimensional case, X = (x1, x2) ∈ (K∗)2 is
a point such that Trop(X) = P = (val(x1), val(x2)) ∈ T2. If P is a vertex of Trop(Y ), then
area(Infl(P )) = 2 · area(d(P )) +
∑
V ∈I∆(P ),
V 6=P
1 · area(d(V )),
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which coincides with the definition of area(Infl(P )) in Definition 3.5. In Figure 1 (B) area(Infl(P ))
is the area of the depicted part of the Newton polygon, with the area of the central face counted
twice.
Remark 4.12. The dual object for a hypersurface is its Newton polytope. The dual objects for
the varieties of higher codimension are so-called generalized Newton polytopes or valuations in the
McMullen polytope algebra [4, 24]. Even though for X ⊂ Y ⊂ Kk with codim(Y ) > 1 we can define
I(Trop(X)) in a similar fashion (by intersecting the stars of cells of Trop(X) with Y ), it is not clear
what is the right substitute for Volume(Infl(Trop(X))) in this case.
4.1. General position of points with respect to the Newton polytope.
Definition 4.13. A collection of tropical subvarieties Z1, Z2, . . . , Zn ⊂ Tk is in general position
with respect to a polytope ∆ ⊂ Zk if for each m = 1, 2, . . . k + 1 for each collection of indices
i1 < i2 < · · · < im the intersection Star∆(Zi1) ∩ Star∆(Zi2) ∩ · · · ∩ Star∆(Zim) (Definition 4.7) has
codimension at least m in Tk. In particular, the intersection of any k + 1 stars is empty.
Proposition 4.14. Let v ∈ P (Z2) be a primitive vector such that v /∈ P (∆) (Definition 4.2). Let l
be the line {t·v|t ∈ R}. Then for any n ∈ Z>0 there exists a collection of points P1, P2, . . . , Pn ∈ l∩Z2
in general position with respect to ∆.
Proof. Let P1 = 0. Take any point P2 ∈ l ∩Z2. Note that the vector P1P2 /∈ P (∆), therefore P1, P2
are in general position. Draw Star∆(P1),Star
∆(P2) and all stars Star
∆ for the points of intersection
of lines in Star∆(P1),Star
∆(P2). It is a finite collection of lines, none of them is l. Therefore we can
find a point P3 ∈ l ∩ Z2 which does not belong to these lines. Then we draw Star∆(P3) and starts
Star∆ of all points of intersection between lines in Star∆(P3) and lines in Star
∆(P1),Star
∆(P2).
Again, we see a finite collection of lines and we can choose P4 ∈ l ∩ Z2 not on these lines. We can
continue to choose points P5, . . . , Pn as above. When we choose Pn we have
(n−1
2
)|P (∆)|2 points of
intersections of lines in Star∆(P1),Star
∆(P2), . . . ,Star
∆(Pn−1), when we draw stars Star∆ for them,
we have
(n−1
2
)|P (∆)|3 lines, therefore we can choose Pn ∈ l∩[0, R]2 whereR = |v|·2(n−12 )|P (∆)|3. 
Let Tv be the translation T
k → Tk by the vector v ∈ Rk, i.e. x→ x+ v.
Proposition 4.15. For a polytope ∆ ⊂ Zk and a given set Z1, Z2, . . . , Zn ∈ Tk of tropical varieties
there exists a set of vectors v1, v2, . . . , vn ∈ Zk such that the tropical varieties Tvi(Zi) are in general
position with ∆.
Proof. Indeed, each star Star∆(Zi) is a finite union of hyperplanes (Definition 4.2). We argue
as in Proposition 4.14. We can choose v1 = 0 and v2 ∈ Zk such that the intersection of each
two hyperplanes L1, L2 from the collections Star
∆(Z1) and Star
∆(Tv2(Z2)) respectively is a linear
subspace of dimension at most k− 2. Then we choose a vector v3 ∈ Zk such that the intersection of
each pair of hyperplanes from different collections Star∆(Tvi(Zi)), i = 1, 2, 3 is of dimension at most
k−2 and the intersection of a triple of hyperplanes from different collections is of dimension at most
k − 3, etc. Each time we see that the set of vi such that Star∆(TviZi) violates some transversality
condition is a finite union of hyperplanes, and we need to take a vi ∈ Zk outside of it. 
Corollary 4.16. For each n, k ∈ N,∆ there exists a set of points (taken as tropical varieties of
dimension zero) P1, P2 . . . , Pn ∈ Zk ⊂ Tk in general position with respect to ∆.
Corollary 4.17. For a collection of tropical varieties Z1, Z2, . . . , Zn ⊂ Y ⊂ Tk in general position
with respect to the Newton polytope ∆ of a tropical hypersurface Y , the sum
∑n
i=1Volume(Infl(Zi))
is at most k · Volume(∆).
Proof. This follows from the definitions of a general position (Definition 4.13) and multiplicities in
the volume of Infl (Definition 4.10). 
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4.2. First applications. Consider an algebraci curve C ⊂ (K∗)2 passing through p1, p2, . . . , pn ∈
(K∗)2 with multiplicities m1,m2, . . . ,mn respectively. Suppose that n ≥ 2 and the minimal lattice
width ω(∆) of the Newton polygon ∆ of C satisfies ω(D) ≥ max(mi).
Lemma 4.18. If the points Val(pi) ∈ Z2, i = 1, . . . , n are in general position with respect to ∆ (see
Proposition 4.15 and its corollaries), then the area of ∆ satisfies the inequality
(5) area(∆) ≥ 1
4
n∑
i=1
m2i .
Proof. Theorem 3.6 and Corollary 4.17 imply that
n∑
i=1
m2i
2
≤
n∑
i=1
area(Infl(Pi)) ≤ 2 · area(∆).

Corollary 4.19. Suppose that a curve of degree d passes through the points p1, p2, . . . , pn ∈ (K∗)2
with multiplicities m1,m2, . . . ,mn respectively, d ≥ max(mi), and n ≥ 2. Suppose also that the
points Val(pi) are in general position with respect to ∆. Then, we have d
2 ≥ 12
∑n
i=1m
2
i .
Proof. The equation of a curve of degree d may contain some monomials with zero coefficients. So, if
the minimal lattice width of the actual Newton polygon of C is at least max(mi), then we conclude
by Lemma 4.18. If it is not the case, we apply Lemma 3.8.
If C has a rational component passing through a point p = (x1, y1) parametrized by s as
(x1s
k, y1s
l), then C is reducible, and we can perturb this component, because it does not pass
through other pi by genericity (recall that the tropicalization of this component is a straight line in
the direction (k, l) ∈ P (∆)). After that this component is no longer of the type (x1sk, y1sl), and
this perturbation does not change the degree of the curve. After repeating this cycle of arguments
necessary number of times we can apply Lemma 4.18. 
Remark 4.20. Consider a hypersurface H in (K∗)3 passing through generic points of multiplicity
two. The classification of possible combinatorial neighborhoods of a two-fold point P in a tropical
surface in T3 ([18]) allows us to produce an estimates for the volume and the shape of Infl(P ).
We can prove that Volume(Infl(P )) ≥ 2 if P = (val(p1), val(p2)) for a point (p1, p2) of multiplicity
two in H. With a few more work (one should check possible intersections Infl(P ) ∩ Infl(Q) for
different points P,Q in general position) the author obtained a proof of an estimate n ≤ d33 for the
degree d of a surface with n two-fold points, as we did in Lemma 4.18.
However, the theorem of Alexander and Hirschowitz provides a better estimate n ≤ (d+1)(d+2)(d+3)24 .
Nevertheless, we expect that this research paradigm can be carried out for points of multiplicity m
on hypersurfaces in (K∗)3, with a conjectural estimate Volume(Infl(P )) ≥ cm3 for some constant c.
Remark 4.21. We expect that for a line L of multiplicity m inside a surface Y of degree d in KP 3
the estimate Volume(Infl(Trop(L))) ≥ cm2d holds with some constant c. This will give an estimate
for the degree of a surface with multiple two-fold points and m-fold lines. The idea is how it could
work is as follows. Consider Trop(L) ⊂ Trop(Y ). Intersect it with a plane {Z = const} ⊂ T3. In
the intersection we will see the same picture as for planar curves with an m-fold point. Varying the
constant and the normal vector of such a plane we can make a conjecture as follows.
Conjecture 3. Under the above hypothesis, Infl(Trop(L)) is a a connected subset of the Newton
polytope ∆ of Y , which intersects the faces of ∆, perpendicular to the directions of the rays of
Trop(L), and whose sections by planes with a primitive normal vector in Z3 have area at least 38m
2.
Hence, Volume(Infl(Trop(L))) ≥ 38m2d.
4.3. Detropicalization Lemma. An algebraic statement over an algebraically closed field some-
times implies the same statement over all fields of the same characteristic. Tropical geometry may
help in such a situation, see [27]. Another application of tropical geometry in number theory is [16].
This section describes a particular application of this principle to our estimate.
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Recall that our field K is the field of fractions f(t)g(t) where f, g ∈ F[t]. Note that we can substitute
t = a if g(a) 6= 0.
Let us recall how to tropicalize the problem of curves’ counting. We would like to count plane
complex algebraic curves of given genus and degree, these curves are required to pass through a
number of generic points q1, q2, . . . , ql ∈ CP 2 (l is chosen in such a way that the number of curves
is expected to be finite). Since the points are generic, we can force them to go to infinity with some
asymptotics, say qi = (t
xi , tyi), (xi, yi) ∈ Z2. Then we consider the limits of these curves Ct under
the function logt(|z|) : C2 → R2. This is more or less the same as if we consider a curve C over K
passing through (txi , tyi) ∈ (K∗)2 and then take its tropicalization Trop(C). Hence we started from
C, lifted to K, and finally descended to T.
Detropicalization is the opposite process: we prove something in T, then lift the construction to
K, and return to F using such a substitution for an appropriate a. We establish the following lemma.
Lemma 4.22. Let m1,m2, . . . ,mn be non-negative integers. Let ∆ be a lattice polygon such that
area(∆) <
n∑
i=1
m2i
4
.
Then, if a set of points P1, . . . , Pn ∈ Z2 ⊂ T2 is in general position with respect to ∆ (Definition 4.13),
then for each valuation field K and points p1, p2, . . . , pn ∈ (K∗)2 such that Val(pi) = Pi there exists
no curve C over K with the Newton polygon ∆, with µpi(C) ≥ mi, i = 1, . . . , n.
Proof. Suppose that such a curve C exists. Then, consider Trop(C). We know that in this case
area
(
Infl(Pi)
) ≥ m2i
2
for i = 1, . . . , n and, therefore,
∑n
i=1 area(Infl(Pi)) ≥
n∑
i=1
m2i
4 ≥ 2 · area(∆). So, using Corollary 4.17
we arrive at a contradiction. 
Lemma 4.23 (Detropicalization lemma). Let K be the field of fractions of F[t]. Suppose that there
exists no curve C over K with the Newton polygon ∆ such that
µ(t−xi ,t−yi)(C) ≥ mi,
for given different points (xi, yi) ∈ Z2, i = 1, . . . , n and given numbers mi ∈ Z>0, i = 1, . . . , n.
Then, there exists a constantN depending onm1,m2, . . . ,mn,∆,max |xi|,max |yi| with the following
property. If |F| ≥ N , then there exists a ∈ F such that there is no curve C over F with the Newton
polygon ∆, satisfying µ(a−xi ,a−yi)(C) ≥ mi for each i = 1, . . . , n.
Proof. Suppose the contrary. Take any b ∈ F. All the constraints imposed by the fact µp(C) ≥ m
are linear equations in the coefficients of the equation of C. Therefore the only reason why there
is no solution for this system over K and there exists a solution over F is that some minor of the
matrix of the equations turns out to be 0 after substitution t = b. Thus, let us compute all the
considered minors before, they reveal to be polynomials in t with degrees depending on our data.
Therefore, b is a root of this fixed polynomial of a certain bounded degree. Obviously, if |F| is big
enough, then there exists a which is not a root of this polynomial. Therefore, this a satisfies the
statement of lemma. 
Remark 4.24. In a similar way we can “detropicalize” in other situations, if the conditions imposed
on C reveal to be algebraic conditions on the coefficients of the equation of C.
5. Degeneration of tropical points to a line
In this section, using tropical floor diagrams (see [5, 7]), we construct a special collection of points
in T2, which are in general position with respect to the Newton polygon ∆; this construction gives
another estimate for area(∆).
TROPICAL APPROACH TO NAGATA’S CONJECTURE IN POSITIVE CHARACTERISTIC 13
Consider a tropical curve H given by Trop(F )(X,Y ) = max(i,j)(Aij + iX + jY ) where (i, j)
runs over lattice points in a fixed Newton polygon ∆. After a toric change of coordinates we may
assume that the minimal lattice width ω(∆) of ∆ is attained in the horizontal direction. Let ∆
be contained in the strip {(x, y)|0 ≤ y ≤ N}. Let us choose points P1, P2, . . . , Pn on the line
l = {(X,Y )|Y = 1N+1X} which is almost horizontal, namely, its slope 1N+1 is less than any possible
slope of a non-horizontal edge of a tropical curve with the given Newton polygon ∆.
Proposition 5.1. Suppose that each of the points P1, P2, . . . , Pn is not a vertex of H, and each Pi
belongs to a horizontal edge Ei ofH. In this case, for each 1 ≤ i < j ≤ n we have Infl(Pi)∩Infl(Pj) =
∅.
Proof. Indeed, in this case the vertices in I(Pi) belong to the horizontal line through Pi for each
i = 1, 2, . . . , n, and all Pi have different y-coordinates. 
Corollary 5.2. In the above case,
∑n
i=1 area(Infl(Pi)) ≤ area(∆).
In general, a correction term (Eq. 2) appears by the following reasons. The line l is subdivided
by intersections with H, each connected component of l \ (l ∩ H) corresponds to a monomial in
Trop(F ), i.e. to a lattice point in ∆.
Moving along l from left to right and marking corresponding lattice points in ∆ we obtain a
lattice path in ∆, which possesses the following property: each edge in this path is either vertical
(and has positive projection on the vertical line), or has positive projection on the horizontal line.
Indeed, if Aij + iX + jY > Ai′j′ + i
′X + j′Y , but for small ε > 0
Aij + i(X + ε) + j(Y +
1
N + 1
ε) < Ai′j′ + i
′(X + ε) + j′(Y +
1
N + 1
ε),
then the vector (i′ − i, j′ − j) has the described above properties.
If Pi is not a vertex of H, and Pi belongs to an edge Ei of H, then denote by si the length of the
horizontal projection of d(Ei). If Pi is a vertex of H, then denote by si the length of the horizontal
projection of d(Pi).
Above considerations show that
n∑
i=1
si ≤ ω(∆), see Figure 3 for illustration.
•
P1
1
•
P2
2
•
P3
3
4
s2 s3 = 0
s1 = 0
Infl(P1) ∋
∈ Infl(P2)
∈ Infl(P3)
1
2
3
4
•
•
•
•ω(∆)
Figure 3. The left picture represents a part of a tropical curve through points
P1, P2, P3 on an almost horizontal line. The second picture is dual to the first picture,
we see parts of the regions of influence of the points P1, P2, P3. The marked points
1, 2, 3, 4 represent the monomials which are maximal on the parts of the dotted line
on the left picture. The lattice path 1, 2, 3, 4 is non-decreasing by the x-coordinate,
therefore
∑n
i=1 si ≤ ω(1,0)(∆). The vertical projections of the intervals 12, 23, 34 in
the right picture are s1 = 0, s2, s3 = 0 respectively.
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Proposition 5.3. In the above notation, and using Definition 3.2 for IPi((1, 0)) we have
1
2
n∑
i=1
(m2i − s2i ) ≤
n∑
i=1
 ∑
V ∈IPi ((1,0))
area(d(V ))
 ≤ area(∆).
Proof. The right inequality is trivial, because the sets IPi((1, 0)) do not intersect each other. The
left inequality follows from the estimate∑
V ∈IPi((1,0))
area(d(V )) ≥ 1
2
(m2i − s2i )
for each i = 1, . . . , n. Indeed, if Pi is not a vertex of H, then Pi belongs to an edge Ei of H. If Ei is
horizontal (the case for i = 1, 3 in Figure 3), then d(Ei) is vertical, and si = 0. By Lemma 3.9 (or
Theorem 3.6 for the case when Pi belongs to an edge)∑
V ∈IPi((1,0))
area(d(V )) ≥ 1
2
m2i .
If Ei is not horizontal, then si ≥ mi (because si is at least the lattice length of d(Ei) and we
use Remark 3.11 in this case) and our inequality becomes trivial. If Pi is a vertex of H, then the
inequality follows from Lemma 3.9, because in this case∑
V ∈IPi ((1,0))
area(d(V )) ≥ (mi − si) · si + 1
2
(mi − si)2 = m
2
i − s2i
2
.
Indeed, the term 12(mi− si)2 comes from Lemma 3.9, and (mi− si) · si estimates the area of d(Pi)
from below, because ω(1,0)(d(Pi)) = si by our assumption and d(Pi) has two vertical sides of length
at least mi − si by Lemma 3.9. 
Proof of Theorem 1.2. By Proposition 4.14 there exists N such that there exists a generic with
respect to ∆ collection of lattice points on the line y = 1ω(∆)+1x with |xi|, |yi| < N . Then, Propo-
sition 5.3 implies the statement over K (as in Lemma 4.22), and Lemma 4.23, “detropicalizing”,
concludes the proof. 
6. Speculations destined to coding theory
In informatics, (error-correcting) coding-theory deals with subsets C ⊂ An (A is a finite set)
which are as big as possible, and the Hamming distance d between the elements of C is also as
big as possible, i.e. we maximize δ = mina,b∈C,a6=b d(a, b). Such a subset C is called a code and
it is suitable for the following problem. We transmit a message which is an element of C. If,
during the transmission procedure, the message does change in at most δ−12 positions, then we can
uniquely repair it back, that is why this is called an error-correcting code. As an introductory book,
which relates this subject to algebraic geometry, see [26]. Studying of singular varieties is related
with code-theory ([28]), for the relation of this topic with Seshadri constants (which is a relative of
Nagata’s conjecture), see [13].
Finding such subsets C is a hard combinatorial problem. A particular source for codes is the set of
linear subspaces of Fnq (linear codes), mostly because they have a comparatively simple description.
A common construction is the following. We choose a set of points p = {p1, p2, . . . , pn} ⊂ Fmq and
consider a set Vd ⊂ Fq[x1, x2, . . . , xm] of polynomials of degree at most d (one can consider any
linear system on a toric variety and points on it as well). Then we take the evaluation map:
evp : Vd → Fnq , evp(f) = (f(p1), f(p2), . . . , f(pn)).
The image of evp is a linear code which is quite simple to calculate, but the problem is how to choose
the points pi such that there is no polynomial which vanishes at the chosen points (otherwise we
have to deal with the kernel of evp) and how to estimate the minimal distance δ. For example, one
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may take all the points with all non-zero coordinates as p, p = Fmq . However, since we are trying to
minimize the codimension of the code in Fnq this choice is far from optimal.
Following a suggestion of Joaquim Roe´, we mention here a way we can exploit the main ideas of
this article to construct a linear code, which uses not too many points and provides a map, similar
to evp, without a kernel.
In the previous sections, for a given polygon ∆ and numbers m1,m2, . . . ,mn we constructed the
set of points p = {p1, p2, . . . , pn} ⊂ (F∗q)2 such that there is no curve C with Newton polygon ∆,
possessing the property µpi(C) ≥ mi for each i. Recall that for this construction we should carefully
choose points (xi, yi) ∈ Z2, i = 1, . . . , n, then, for q big enough there exists an a ∈ Fq, such that the
points pi = (a
−xi , a−yi) possess the required properties.
Example 6.1. Consider ∆ = [0, 1, . . . , d] × [0, 1 . . . , N ] ⊂ Z2. It follows from the proof of Theo-
rem 1.2 that if we put n points p1, p2, . . . , pn of the same multiplicity m ≤ min(N, d) along the curve
yω(∆)+1 = x, then there is no algebraic curve C with the Newton polygon ∆ and µpi(C) ≥ m if the
inequality dN < 12(n− d/m)m2 holds.
Therefore, taking N < (n−d/m)m
2
2d we construct the evaluation map ev : F
dN
q → F
nm(m+1)
2
q with a
trivial kernel. For this map, we take a point f ∈ FdNq , which we treat as a polynomial F with the
Newton polygon ∆, then take the coefficients of
(
F mod Impi
)
for each i = 1, . . . , n. This bunch of
numbers gives the image ev(f). In this construction we immediately see that the minimal non-zero
Hamming distance δ is at most n, because the image of f ≡ 1 under the map ev contains exactly n
non-zero elements.
Conjecture 4. This estimate is sharp, i.e. δ = n for this code.
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